On conjugates and the asymptotic distortion of 1-dimensional C 1+bv diffeomorphisms
In memory of Jean-Christophe Yoccoz
Since the seminal work of Poincaré and Denjoy, circle diffeomorphisms became a central object of study in dynamics. One of the most celebrated results of the theory is the linearization theorem of M. Herman [6] , which establishes the differentiability of the conjugating map to the corresponding rotation in the case of an irrational rotation number satisfying a Diophantine condition. The key idea of Herman's proof consists in conjugating the diffeomorphism into one that is arbitrarily close to the rotation in a good topology, and finally applying local linearization results coming from standard KAM techniques (see also [5] ).
Herman's theorem was later extended via different approaches by many people, including Yoccoz [22] , Katznelson and Orstein [11] , and Khanin and Teplinsky [10] . However, the problem of approximation by conjugation raised by Herman in Chapter VII of his seminal work [6] is interesting by itself. In this regard, just a couple of results that apply to diffeomorphisms of arbitrary irrational rotation number are known. On the one hand, it was shown by the author in [16] that every C 1 circle diffeomorphism f of irrational rotation number ρ = ρ(f ) has a sequence of conjugates that converges in the C 1 topology to the rotation R ρ ; actually, there is a continuous path of C 1 conjugates that starts at f and finishes at R ρ . On the other hand, Herman proved in [6] that if f is of class C 2 , then there exists a sequence of conjugates of f that converges to R ρ in the C 1+bv sense; that is, they converge to f in the uniform topology, their derivatives uniformly converge to 1, and the total variation of the logarithm of these derivatives converge to 0. The first goal of this paper is to relax the hypothesis of regularity of f for this result.
Theorem A. Given a C 1+bv (orientation-preserving) circle diffeomorphism with absolutely continuous derivative and having an irrational rotation number, there exists a continuous path of C 1+bv diffeomorphisms g t , t ∈ [0, 1[, that starts at g 0 = id such that the conjugates g t f g −1 t converge to the rotation of angle ρ = ρ(f ) in the C 1+bv sense as t goes to 1.
By adapting a classical and clever construction of J. Mather, we will show the hypothesis of absolute continuity for the derivative is necessary for the validity of this result.
The method of proof of Theorem A is similar to that of [16] ; namely, we look for a reduction of the problem of approximation by conjugates into a problem of finding approximate solutions to a certain cohomological equation. In the C 1 case, this is relatively easy, since the associated equation concerns the logarithmic derivative, and it is hence linear. In the present setting, however, the equation that arises deals with the affine derivative, and it is hence twisted by the action of the (classical) derivative. A key role is then played by a (slight variation and simplification of a) result established by the author and Triestino in [19] , which establishes the existence of approximate solutions to these twisted cohomological equations in the most general C 1+bv setting. (The main result of [19] is stated in terms of invariant 1-distributions, but it is equivalent to the previous formulation via a standard Hahn-Banach type argument.)
It is worth comparing this method of proof with that of the weaker statement of Herman for C 2 diffeomorphisms. On the one hand, Herman shows his theorem of approximation by conjugates via quite intricate estimates for certain ergodic averages which, as a byproduct, yield the ergodicity of the diffeomorphism with respect to the Lebesgue measure. (He needs the C 2 -or, at least, a C 1+Lip -hypothesis for making this procedure working.) On the other hand, as we already mentioned, our approach morally uses the uniqueness of the invariant 1-distribution, which essentially follows from the uniqueness of the 1-conformal measure established by Douady and Yoccoz in [4] and which, in its turn, strongly relies on Katok's geometric proof of the ergodicity of C 1+bv circle diffeomorphisms with irrational rotation number (see [15] ). In summary, in both approaches, a key role is played by the ergodicity of the diffeomorphism, which is essentially a one-dimensional phenomenon. (Compare [2] .)
Although our approach still applies in the C 2 setting, a key technical point (concerning the "size" of the conjugating map) at the end of the proof fails, so that the question of whether conjugates of C 2 circle diffeomorphisms of arbitrary irrational rotation number can approximate the corresponding rotation in the C 2 topology remains open. (This is Question 25 of [17] ; it should be pointed out that A. Avila and R. Krikorian have recently announced a result in this direction but for C ∞ conjugates of C ∞ diffeomorphisms.) On the positive side, since our approach uses the affine derivative as a cocycle in L 1 , it is suitable for a generalization to Abelian group actions, which have deserved much attention over the last years (see for instance [3, 8, 12] ). The result in this context, which is new in the C ∞ setting (and even in the real-analytic context), reads as follows.
Theorem B. Let Γ be a finitely-generated, Abelian group of C 1+bv (orientation-preserving) circle diffeomorphisms with absolute continuous derivative. If the action of Γ is free, then there exists a path g t , t ∈ [0, 1[, of C 1+bv diffeomorphisms starting at g 0 = id such that, for each f ∈ Γ, the conjugates g t f g −1 t converge to the rotation R ρ(f ) in the C 1+bv sense as t goes to 1.
We close this work with a discussion on the notion of asymptotic distortion of diffeomorphisms of one-dimensional manifolds, which corresponds to the linear growth rate of the total variation of the logarithm of the derivative:
We show that the vanishing of this number is equivalent to that the diffeomorphism f can be conjugated into maps that are arbitrarily close to isometries in the C 1+bv sense. Some results and examples are exhibited: it is proved that, in PSL(2, R), only the hyperbolic elements have positive asymptotic distortion, though there exist C ∞ diffeomorphisms of the interval with positive asymptotic distortion but without hyperbolic fixed points. Actually, this is the typical behavior of diffeomorphisms with no hyperbolic fixed points.
On C 1+bv conjugates of circle diffeomorphisms with irrational rotation number All maps considered in this article will be assumed to be orientation preserving. Before passing to the proof of Theorem A, we will give a variation of one of the main results of [19] (which deals with continuous functions) to an L 1 setting, so that it becomes more suitable for our needs. As the reader will notice, this version is much simpler in that it does not require Douady-Yoccoz' result of uniqueness of the 1-conformal measure, but just Katok-Herman's theorem of ergodicity (with respect to the Lebesgue measure) of C 1+bv circle diffeomorphisms with irrational rotation number [15] . To strength this point, and also for the reader's convenience, we provide a detailed proof. (It is not hard to see that an alternative but more direct proof can be given using the stronger result of [19] .) Proposition 1. Let f be a C 1+bv circle diffeomorphism of irrational rotation number. If ϕ is an L 1 function defined on the circle that has zero mean, then there exists a sequence of L 1 functions ψ n of zero mean such that the sequence
converges to ϕ in the L 1 sense as n goes to infinity.
Proof. Assume first that ϕ cannot be approximated in L 1 by functions of the form
where no condition on the mean of ψ ∈ L 1 is imposed. Then, by the Hahn-Banach theorem, there exists a linear functional L : L 1 (S 1 ) → R that vanishes on the set of functions of the form ψ − ψ • f · Df and such that L(ϕ) = 1. This functional comes from integration against an L ∞ function ξ:
Hence, the equality L(ψ − ψ • f · Df ) = 0 becomes
where the last equality comes from change of variable. Since this holds for every ψ ∈ L 1 , this implies that a.e. we have the equality ξ = ξ • f −1 . By the Katok-Herman's ergodicity theorem, the function ξ is a.e. constant, say equal to c. However, this implies that
which is a contradiction.
Let henceψ n be a sequence of L 1 functions such that the sequencẽ
Then the functionψ n − c n has zero mean, and satisfies
To deal with the unpleasant expression c n (1 − Df ), let
where (q k ) is the sequence of denominators in the rational approximation of the rotation number of f . Notice that η k has zero mean for all k ≥ 1. Moreover, an easy computation yields
By Denjoy's inequality [15] , the last expression on the right uniformly converges to zero, hence
uniformly converges to 1 − Df . The desired sequence ψ n is then obtained by letting
for a well-chosen sequence k n .
Proof of Theorem A. For a diffeomorphism f , belonging to the class C 1+bv with an absolutely continuous derivative is equivalent to being C 1 and having a second derivative a.e. defined so that the function D 2 f /Df is integrable. The total variation of the logarithm of the derivative of f then equals var(log(Df );
Notice that D log(Df ) = D 2 f /Df . Therefore, if f is a C 1+bv diffeomorphism with an absolutely continuous derivative, then
By Proposition 1 above, there exists a sequence of L 1 functions ψ n , all of which have zero mean, such that the sequence
Since ψ n has zero mean, this map h n is a C 1 circle diffeomorphism. (The condition on the mean translates into that Dh n (0) = Dh n (1).) Besides, in the L 1 sense, we have the equality
Since the cocycle relation
Besides, given ε > 0, there exists N ∈ N such that, for all n ≥ N, we have
As a consequence, by change of variable,
Therefore,
which implies that h n f h −1 n converges to the rotation of angle ρ(f ) in the C 1+bv sense. Finally, to build the desired path of conjugating maps g t , just interpolate the functions ψ n above. More precisely, let u :
n be the integer such that n ≤ u(t) < n + 1, and define
where ψ 0 ≡ 0. Finally, define the diffeomorphism g t by letting
We leave to the reader the task of checking that the sequence of conjugates g t f g −1 t satisfies the desired properties.
In order to treat the case of Abelian groups of diffeomorphisms, it is worth coming back to the proof of the proposition above and provide explicit approximating coboundaries.
Lemma 1. If f is a C
1+bv circle diffeomorphism with absolutely continuous detivative and irrational rotation number, then the sequence
converges to 0 as n goes to infinite.
By Proposition 1, given ε > 0, there exists an L 1 function ψ such that
Since U is an isometry, this implies that, for all i ≥ 0,
Using the triangular inequality together with (2), this gives
Since this holds for every ε > 0, we deduce that
Finally, the cocycle relation (1) easily implies that the sequence D 2 f n /Df n L 1 is subadditive, which shows the desired convergence. Remark 1. In the proof above, the crucial property for D 2 f /Df is that it has zero mean. It is hence not hard to check along the very same lines that for every ϕ ∈ L 1 having zero mean, one has the convergence
Remark 2. The previous result does not hold without the hypothesis of absolute continuity for the derivative. Indeed, according to Mather [13] , there exists a continuous nontrivial group homomorphism M defined in the group of C 1 circle diffeomorphisms with derivative of bounded variation and taking values in R.
as n goes to infinity. Indeed, one has M(f n )/n = M(f ) for all n, and the definition of M recalled below directly implies that, if (3) holds, then M(f n )/n converges to zero. Mather's construction proceeds as follows: given f ∈ Diff 
Notice that this can be also defined for piecewise-differentiable maps for which the logarithm of the derivative has finite total variation.
Remark 3. In the framework of piecewise-affine homeomorphisms (of irrational rotation number), the previous construction does not apply. More precisely, the measure µ f induced by the logarithm of the derivative is totally singular, hence Mather's homomorphism is trivial. Nevertheless, the result still fails, and its failure can be completely detected by a single invariant. Namely, letting Df + (resp. Df − ) the right (resp. left) derivative and denoting J f (x) := Df + (x)/Df − (x) the jump of f at x, the crucial ingredient in this description is the complete jump along orbits:
Notice that this product is well defined, since it involves only finitely many factors that are different from 1. On the one hand, according to Minakawa [14] , if C f (x) equals 1 at every point, then f is conjugate to the corresponding rotation by either a piecewise-affine homeomorphism or by such a map together with a homeomorphism of the form x →
, which is piecewise real-analytic with a derivative of finite total variation. In each case, the sequence var(log(Df n ); S 1 ) is bounded. On the other hand, if there exists x for which C f (x) = 1, then choosing cut points x i very close (from the left and from the right) to points of the form f −k (x) (for k large enough so that J f (f −k−ℓ (x)) = 1 for all ℓ ≥ 0), one easily checks that, along such a partition of the circle, the variation of the logarithm of the derivative of f n is larger than n| log(C f (x))| minus a constant. Therefore,
Following the lines of [6, Chapter IV] (see also [18] ), it is not hard to prove that, for a C 1+bv circle diffeomorphism (independently of the rotation number), the sequence var(log(Df n ); S 1 ) remains bounded if and only if f is conjugated to the corresponding isometry (the identity, in the case of the interval) by a C 1+bv diffeomorphism. The next question is inspired by the growth gap established in [21] . Question 1. In case of unboundedness, does there exist a constraint for the growth of the sequence var(log(Df n ); S 1 ) that is stronger than sublinearity?
The next lemma is stated in a quite general and conceptual framework for potential uses in different contexts. For our purposes, it will be used for the isometry U :
1 introduced above and the associated cocycle
Lemma 2. Let U be a linear isometric action of a finitely-generated Abelian group Γ on a Banach space B, and let c : Γ → B be a cocycle, that is, a function that satisfies the relation
Assume that, for every element g of infinite order in Γ, one has
as n → ∞. Then there exists a sequence of functions ψ n ∈ B such that, for all f ∈ Γ, the sequence ψ n − U(f )(ψ n ) converges to c(f ) as n goes to infinite.
Proof. Let us first assume that Γ has no torsion, say Γ ∼ Z k . Let {g 1 , . . . , g k } be a (minimal) system of generators of Γ. For each n ∈ N, let us denote by B(n) be the positive square ball of radius n, that is,
Then, for each f ∈ Γ,
Therefore, for each i ∈ {1, 2, . . . , k},
, and the last expression equals 1 B(n − 1)
By the cocycle relation, this reduces to 1 B(n − 1)
which, by the triangular inequality, is smaller than or equal to 1 B(n − 1)
A simple counting argument yields the following upper bound for the last expression:
According to the hypothesis, this goes to zero as n → ∞. Therefore,
converges to zero as n → ∞. To show that this holds changing g i by any f ∈ Γ, just write f as a product of generators, apply the previous conclusion to each of these generators, and use the triangular inequality. Finally, assume that Γ has torsion, say Γ ∼ Z k × T , where T is a finite group. Let ψ * n be a sequence for which c(f ) − (ψ * n − U(f )(ψ * n )) B converges to zero for every f ∈ Z k . Replace ψ * n by
For each f ∈ Γ, we have
If f belongs to T , then the last expression reduces to −c(f ) + ψ n , thus showing that we actually have an equality:
Assume otherwise that f belongs to Z k . Then
is bounded from above by
that is, by
which, by construction, converges to zero as n → ∞. Finally, to deal with an arbitrary f ∈ Γ, just write f = h 1 h 2 , with h 1 ∈ Z k and h 2 ∈ T , and use the cocycle relation and the triangular inequality to show the desired convergence for the function ψ n .
Remark 4. The proof above mimics one of the key arguments of [16] . (Compare [1] .) Actually, some of the ideas therein allow extending it to nilpotent group actions.
Proof of Theorem B. Let us again consider the isometries
0 made of the L 1 functions with zero mean, as well as the associated cocycle
Lemma 1 establishes the hypothesis of Lemma 2, which yields a sequence of functions ψ n ∈ L 1 0 such that, for all f ∈ Γ, the value of
converges to zero as n → ∞. Therefore, as in the proof of Theorem A, this function ψ n can be seen as the affine derivative of a circle diffeomorphism h n (that is, D 2 h n /Dh n = ψ n ) such that, for all f ∈ Γ, the conjugates h n f h −1 n converge to the rotation R ρ(f ) in the C 1+bv sense. To produce the path of approximating conjugates, it suffices to linearly interpolate the functions ψ n , as it was done at the end of the proof of Theorem A. We leave the verification of the details as a task to the reader.
Remark 5.
Following the lines of the proofs above, the conjugating maps become explicit, even for the case of single maps (i.e. for actions of Z = f ). Indeed, in this setting, definition (4) becomes
and the associated conjugating maps h n are given by
A simple computation then shows that
The reader will notice that these coincide with the conjugating maps considered in [16] . Also notice that these are quite different from those used by Herman, which are given by
where, on the right, f denotes a lift to the real-line of the original map and ρ(f ) is its corresponding trnaslation number. It is worth mentioning that certain analogs of Herman's conjugating maps h * n still work for Abelian (and even nilpotent) group actions in the continuous framework, yet providing explicit estimates for the derivatives of the conjugate action in the smooth case seems out of reach. (Herman managed to control derivatives for Z-actions.)
On the asymptotic distortion of diffeomorphisms
Given a C 1+bv diffeomorphism of a compact one-dimensional manifold M, let us define its asymptotic distortion as
Notice that the existence of the limit follows from subaditivity:
Besides, the subaditivity relation var(log(D(f g)); M) ≤ var(log(Df ); M) + var(log(Dg); M) easily implies that dist ∞ is invariant under conjugacy. It should become evident from the previous paragraph that the vanishing of the asymptotic distortion is closely related to approximating (in the C 1+bv sense) an isometry by a sequence of conjugates. We explicitly record this fact in the statement below. Notice that, in this theorem, no assumption on absolute continuity for the derivative is made.
Proposition 3. Let f be a C 1+bv diffeomorphism of a compact one-dimensional manifold M. If there exists a sequence h n of C 1+bv diffeomorphisms such that the conjugates h n f h −1 n converge to an isometry in the C 1+bv sense, then the asymptotic distortion of f vanishes. Conversely, if f has zero asymptotic distortion, then there exists a sequence of conjugates of f converging to an isometry in the C 1+bv sense.
Proof. If h n f h −1 n converges to an isometry then, for each ε > 0, there exists an integer N such that, for all n ≥ N, var(log(D(h n f h −1 n )); M) < ε. This yields, for every integer k,
Letting k → ∞, we obtain
Since this holds for all ε > 0, the asymptotic distortion of f vanishes. The converse statement is proved following the lines of the proof of Theorem B. However, instead of following the functional analytical approach, we use the explicit conjugating maps introduced in Remark 5. Namely, let h n be a circle diffeomorphism whose derivative satisfies
Letting y := h −1
n (x), a straightforward computation using the chain rule yields
and the right-hand-side expression converges to zero because of the hypothesis of vanishing of the asymptotic distortion.
Remark 6. The preceding proposition has a version for piecewise-affine homeomorphisms. Namely, if f is a such a map with vanishing asymptotic distortion, then there exists a sequence h n of piecewise-affine homeomorphisms such that the total variation of the logarithm of the derivative of h n f h −1 n converges to zero (just follow the same arguments of proof and notice that the explicit formula (6) yields piecewise-affine conjugating maps). Remind that, for the case of the circle, the vanishing of the asymptotic distortion is equivalent to that either the map has finite order or, in case of irrational rotation number, that the complete jump along orbits is always 1 (see Remark 3 and notice that no nontrivial piecewise-affine homeomorphism of the interval can have zero asymptotic distortion due to the presence of semi-hyperbolic fixed points, which obviously force positive asymptotic distortion).
Remark 7. By slightly pursuing the arguments above, one easily proves that the asymptotic distortion function is invariant under conjugacy and upper semicontinuous. A combination of these two facts easily yields Proposition 3.
We have showed that the asymptotic distortion of a C 1+bv circle diffeomorphism with absolute continuous derivative and irrational rotation number is equal to zero. In case of rational rotation number, this is no longer true since, as we have noticed, hyperbolic periodic points force positive asymptotic distortion. Actually, as we next see, hyperbolicity is the only obstruction to zero asymptotic distortion for maps in PSL(2, R), yet it is not the only one in general. Proof. There are two ways to prove this. First, since hyperbolic Möbius transformations have hyperbolic fixed points and, hence, positive asymptotic distortion, we need to check that both elliptic and parabolic Möbius transformations have zero asymptotic distortion. This can be showed using Proposition 3. Namely, elliptic Möbius transformations are conjugate to Euclidean rotations, and parabolic Möbius maps admit sequences of conjugates that converge to the identity, as it readily follows by letting λ → 0 in the identity
The starting observation for the second proof is the following: consider a Möbius transformation f ∈ PSL(2, R) both as an isometry of the Poincaré disk (endowed with the hyperbolic distance dist h ) and as a circle diffeomorphism. Then the following equality holds:
Assuming this equality, we conclude that the rate of var(log(Df n ); S 1 ) is linear if and only if the same happens for dist h (f n (0), 0), and it is very well known that the behavior of the last sequence classifies Möbius maps: this sequence is bounded, unbounded but sublinear, or linear, in the elliptic, parabolic, or hyperbolic case, respectively.
We are hence left to prove (7), which is just a computation. Namely, if we write f in complex form as
then, as a circle diffeomorphism, df /dθ is the norm of the derivative of this expression, which equals
The last expression attains its maximum at θ = ξ + π/2 and its minimum at θ = ξ − π/2, and it is monotone (as a function of θ) on both intervals with these endpoints. Using this, one easily concludes that var(log(Df ); S 1 ) = 2 log 1 − r
Finally, it is well known that the last expression corresponds to 4 dist h (0, −e iα a), which closes the proof since f (0) = −e iα a.
Despite Proposition 4 above, the naive conjecture that, for general diffeomorphisms, positive asymptotic distortion implies the existence of hyperbolic periodic points is false. Indeed, below we provide an example of a C ∞ diffeomorphism of [0, 1] having no fixed point in the interior and with positive asymptotic distortion yet the endpoints are parabolic fixed points. This confirms a conjecture from [7] : there exist C 2 diffeomorphisms of the interval that do not approach the identity by C 2 conjugates despite their fixed points are all parabolic. (Notice that f cannot be achieved as a conjugate off .) We claim that f has nonzero asymptotic distortion. Indeed, since the asymptotic distortion off is zero, given ε > 0 there exists N such that, for all n ≥ N,
The preceding inequality may be rewritten as
In the left-hand side expression, we may replacef by f at each occurrence except for that, for each index i, the value of Df is different from that of Df at the point
By the triangle inequality |y| ≥ |x| − |x + y|, this implies that
Since the right-hand side expression above may be rewritten as
the choice of ε implies that
Letting n go to infinite, this shows that
Starting with arbitrary nontrivial diffeomorphisms of zero asymptotic distortion, the technique above easily shows that the set of diffeomorphisms with positive asymptotic distortion is dense in the (closed) set of diffeomorphisms having only parabolic fixed points. Since the former set coincides with m n f :
var(log(Df
this shows that positive asymptotic distortion is a generic property in the latter set. However, the construction reveals even more than this: zero asymptotic distortion seems to force a very particular structure for the diffeomorphism. Despite this, we were not able to settle the question below:
Question 2. Does there exist a real-analytic diffeomorphism of the interval with no hyperbolic fixed point and having positive asymptotic distortion?
Many other natural questions concerning the value of the asymptotic distortion for specific types of diffeomorphisms arise. Remind that the asymptotic distortion of every nontrivial piecewise-affine homeomorphism of the interval is positive, due to the presence of semi-hyperbolic fixed points.
Question 4.
What is the range of values of the asymptotic distortion for the C ∞ diffeomorphisms of the interval that arise in the Ghys-Sergiescu's smooth realizations of Thompson's group F (see [9] )? Is it possible in this framework to produce (nontrivial) diffeomorphisms with the same asymptotical distortion which are not smoothly conjugate?
Another natural question (inspired by [20] Finally, having established the existence of diffeomorphisms with positive asymptotic distortion, the next generalization of Proposition 3 makes sense. The proof is an easy modification of that of the proposition, hence we leave it to the reader. We close with a question relating asymptotic distortion and centralizers of C 1+bv diffeomorphisms of the interval. Notice that if finitely many C 1+bv commuting diffeomorphisms have all zero asymptotic distortion, then there exists a sequence of conjugating maps h n such that, for each element f , the sequence h n f h −1 n converges to an isometry in the C 1+bv sense. This can be easily proved using a general explicit formula similar to that of Remark 5. For instance, if Γ acts freely and is isomorphic to Z k , then we may let h n be defined so that We leave the details to the reader.
